TOPOLOGICAL CLASSIFICATION OF QUASITORIC 
MANIFOLDS WITH THE SECOND BETTI NUMBER 2 
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Abstract. A quasitoric manifold is a 2rt-dimensional compact smooth manifold 
with a locally standard action of an n-dimensional torus whose orbit space is a 
simple polytope. In this article, we classify quasitoric manifolds with the second 
Betti number 02 = 2 topologically. Interestingly, they are distinguished by their 
cohomology rings up to homeomorphism. 

C/3 . 1. Introduction 



< 



The notion of a quasitoric manifold was introduced by Davis and Januszkiewicz |DJ91] . 
A quasitoric manifold M is a 2n-dimensional compact smooth manifold with a lo- 
cally standard action of an n-dimensional torus T n = (S 11 )™, whose orbit space can be 
identified with an n-dimensional simple polytope P. Here, the orbit map tc : M — > P 
maps every /c-dimensional orbit to a point in the interior of a codimension-/c face 
of P for k — 0, . . . , n. A typical example of a quasitoric manifold is a complex 
projective space CP n of complex dimension n with the standard T n -action whose 
orbit space is the n-simplex A". 

A quasitoric manifold is a topological analogue of a non-singular projective toric 
variety. A toric variety X of complex dimension n is a normal algebraic variety 
which admits an action of an algebraic torus (C*) n having a dense orbit. We call a 
non-singular compact toric variety a toric manifold. Note that we have the restricted 
action of T n = (S* 1 )™ C (C*) n on a toric manifold X. One can easily show that this 
action is locally standard, and if X is projective, then there is a moment map 
whose image is a simple convex polytope. Hence, all projective toric manifolds 
are quasitoric manifolds. However, the converse is not always true. For instance, 
CP 2 JjCP 2 with an appropriate T 2 -action is a quasitoric manifold over A 1 x A 1 but 
^ not a toric manifold, because there is no almost complex structure on CP 2 #CP 2 . 

Therefore, the notion of a quasitoric manifold can be regarded as a topological 
generalization of that of a projective toric manifold in algebraic geometry. 
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We shall investigate quasitoric manifolds M with the second Betti number /3 2 = 2. 
As will be remarked in Section |3j the orbit space of M can be identified with a 
product of two simplices. The classification of projective toric manifolds with /3 2 = 2 
as varieties was completed by Kleinschmidt |Kle88] . More generally, toric manifolds 
over a product of simplices were studied by Dobrinskaya [DobOTj and Choi-Masuda- 
Suh |CMS10a] . These toric manifolds are known as generalized Bott manifolds. In 
particular, toric manifolds with (3 2 = 2 are two-stage generalized Bott manifolds, 
which will be explained in Section |3J It is shown in [CMS 10b J that all two-stage 
generalized Bott manifolds are classified by their cohomology rings, which gives the 
smooth classification of toric manifolds with /3 2 = 2. 

The purpose of this paper is to classify quasitoric manifolds with /3 2 = 2 up to 
homeomorphism. For this, we show that if the cohomology ring of a quasitoric 
manifold is isomorphic to that of a two-stage generalized Bott manifold, then the 
quasitoric manifold is homeomorphic to a two-stage generalized Bott manifold. We 
also show that for a polytope which is the product of two simplices there are only 
finitely many quasitoric manifolds over the polytope, which are not homeomorphic 
to generalized Bott manifolds. As we will see in the paragraph after (13.1 p on page El 
any quasitoric manifold with 02 = 2 can be written as M a b for some a G Z m and 
b G Z n , where the orbit space of M a ^ is A n x A" 1 . Then we have the following 
topological classification. 

Theorem 1.1. Any quasitoric manifold with the second Betti number 02 = 2 is 
homeomorphic to either a two-stage generalized Bott manifold, or 

M S:r for s := (2, . . . , 2, 0, . . . , 0) G Z m and r := (1, . . . , 1, 0, . . . , 0) G Z n , 

where the number of nonzero components in s, respectively r, is less than or equal 
to l^j^l, respectively L^^J ■ Moreover, if n or m is 1, then M SjI . is a two-stage 
generalized Bott manifold, or (£p m + n ^Qp m + n } or M 2 no,...,o)- 

More precise classification results are summarized in Section [HJ Note that there 
is an interesting quasitoric manifold over A n x A 1 which is homeomorphic to a 
generalized Bott manifold, but has no T n+1 -invariant almost complex structure; 
namely, iV^2,(i,o) is such a quasitoric manifold that is homeomorphic to a generalized 



Bott manifold M 2i (o,o)> as we will see in Lemma 

Furthermore, we can show that M a ^ and M a /^/ with M a ^/T and M a /^//T combi- 
natorially equivalent to A n x A m are homeomorphic if and only if their cohomology 
rings are isomorphic as graded rings. In addition, the combinatorial types of certain 
polytopes are completely determined by the cohomology rings of quasitoric mani- 
folds over those polytopes, see [CPS08J . Products of simplices belong to the class 
of polytopes that have this property. That is, for a quasitoric manifold M, if the 
cohomology ring of M is isomorphic to that of M a b, then the orbit space of M is 
combinatorially equivalent to the orbit space of M a ^. 

As a consequence, we have the following main theorem of this paper, which does 
not include any assumption on the type of the base polytope: 

Theorem 1.2. Two quasitoric manifolds with /3 2 = 2 are homeomorphic if and only 
if their cohomology rings are isomorphic as graded rings. 
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This research is motivated by the cohomological rigidity problem for quasitoric 
manifolds which asks whether the homeomorphism types of quasitoric manifolds are 
distinguished by their cohomology rings or not, see [MS] for the problem and other 
related problems. In general, the cohomological rigidity problem is rather bold be- 
cause the cohomology ring as an invariant is not sufficient to determine topological 
types of manifolds. Indeed, many classical results such as |Hsi66j provide many ex- 
amples of pairs of manifolds which are homotopic but not homeomorphic. However, 
many 2n-dimensional manifolds do not have T n -symmetry, and, so far, there is no 
counterexample for the cohomological rigidity problem. On the contrary, some affir- 
mative partial evidence is given by recent papers such as [MP08J, |CMS10b] . [CS09J. 
|CM09] and others. Theorem II .21 also gives another affirmative partial answer to the 
rigidity problem. For more information about rigidity problem, we refer the reader 
to the survey paper [CMSllj . 

This paper is organized as follows. In Section |2j we recall general facts on qu- 
asitoric manifolds and moment angle manifolds. In Section El we introduce gener- 
alized Bott manifolds, and deal with the cohomology rings of quasitoric manifolds 
with 02 — 2. We find a necessary and sufficient condition for a quasitoric manifold 
to be equivalent to a generalized Bott manifold in some specific cases in Section HI 
In Sections |5] and EJ we prove Theorem ll.lj, and prepare to prove Theorem 11.21 by 
classifying quasitoric manifolds M a ^ and M S)I . up to homeomorphism. In Section [7J 
we give a full proof of Theorem 11.21 In the final section, we give the complete 
topological classification of quasitoric manifolds with (3 2 = 2. 

2. Preliminaries 

An n- dimensional (combinatorial) polytope is called simple if exactly n facets 
(codimension-one face) meet at each vertex. Let P be a simple polytope of dimension- 
n with d facets, and let J-(P) = {F\, . . . , Fj} be the set of facets of P. Now consider 
a map A: ^{P) — > Z n which satisfies the following non-singularity condition; 

, . X(F il ), . . . , X(Fi a ) form a part of an integral basis of Z n 

^ ' ' whenever the intersection F^ D • • • fl F ia is non-empty. 

Such A is called a characteristic function, and X{Fj) is called a facet vector of Fj. 
For a characteristic function A : J~(P) — > Z n and a face F of P, we denote by T(F) 
the subgroup of T n corresponding to the unimodular subspace of Z n spanned by 
X(F h ), . . . , X(F ia ), where F = F h D • • • D F ia . 

Given a characteristic function A on P, we construct a manifold 

(2.2) M{X) := T n x Pj ~, 

where (t,p) ~ (s, q) if and only if p = q and t~ l s G T(F(p)), where F(p) is the 
face of P which contains p G P in its relative interior. The standard T ra -action on 
T n induces a free action of T n on T n x P, which descends to an effective action on 
M(X) whose orbit space is P. Since this action is locally standard, M(X) is indeed 
a quasitoric manifold over P. 

Two quasitoric manifolds Mi and M 2 over P are said to be equivalent if there is a 
#-equivariant homeomorphism /: Mi — > M 2 , i.e. f(gm) = 0{g)f{m) for g G T n and 
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m G Mi, which covers the identity map on P for some automorphism 9 of T n . It is 
obvious from the definition of the equivalence that M(Ai) and M(X2) are equivalent 
if there is an automorphism a G Aut(Z n ) = GL(Z, n) such that Ai = o o A2. By 
Davis and Januszkiewicz [DJ91] . every quasitoric manifold is represented by a pair 
of P and A up to equivalence. 

Note that one may assign annxd matrix A to a characteristic function A by 

A=(X(F 1 )---X(F d )) = (A\B), 

where A is an n x n matrix and B is an n x (d — n) matrix. We call A a characteristic 
matrix. By additionally setting FiD- • -r\F n 7^ 0, we may assume that the matrix A = 
(A(.Fi), . . . , X(F n )) is invertible from the nonsingularity condition (j2.ip . Moreover, 
the inverse A -1 belongs to GL(Z, n). Thus, up to equivalence, the corresponding 
matrix A can be represented by (P^^^P), where E n is the identity matrix of size n. 

Remark 2.1. Let A be the above characteristic matrix corresponding to a quasitoric 
manifold M. If we let 

D Kn := diag(l, . . . , 1, -1, 1, . . . , 1) 

be the diagonal n x n matrix whose k-th diagonal entry is —1 and the others are 1, 
then the matrix D^AD^d is the matrix obtained from A by changing the signs of 
k-th row and £-th column, where 1 < k < n and 1 < £ < d. Since two vectors A(Pj) 
and — A(-Fj) determine the same circle subgroup of T n , the sign of a facet vector 
does not affect the corresponding quasitoric manifold from the construction (j2.2p . 
Thus AD^d is still a characteristic matrix corresponding to M. Hence D^^AD^ 
can also be a characteristic matrix corresponding to M, up to equivalence, because 
D fc)n 6GL(Z,n). 

Let Z[t>i, . . . , f J denote the polynomial ring in d variables over Z with degVi = 2. 
We identify each Fi G F(P) with the indeterminate V{. The /ace ring (or Stanley- 
Reisner ring) Z(P) of P is the quotient ring 

Z(P)=Z[ Vl ,...,v d }/I P , 

where Ip is the ideal generated by the monomials v^ ■ ■ • Vi t with F^ n ■ ■ ■ H F ie = 0. 
Let M be a quasitoric manifold over P with projection 7r: M — > P and the 
characteristic function A. Then one can find an isomorphism between Z(P) and the 
equivariant cohomology ring of M with Z coefficients: 

H^(M)=Z[v 1 ,...,v d ]/I P = Z(P), 

where Vj is the equivariant Poincare dual of the codimension two invariant sub- 
manifold Mj = ir~ l (Fj) in M. Note that H^(M) is not only a ring but also a 
H*(BT) = Z[ti, . . . ,t„]-module via the map p*, where p: ET x T M ->■ PT is the 
natural projection, and p* takes U to 0* := Ajifi H — ■ + A^fd G Z(P), where A(Pj) = 
(Ah, . . . , A n j) T G Z n for z = 1, . . . , n. Since everything has vanishing odd degrees, 
P* (M) is a free P*(PT)-module. Hence the kernel of Z(P) = H^(M) ->■ P*(M) is 
the ideal Ja of Z(P) generated by lf . . . , n . Therefore, we have 

(2.3) P*(M) = ZK,...,^]/(/ P + J A ). 
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See |DJ91] for more details of the previous argument. 

Let P be an n- dimensional simple polytope with d facets. Davis and Januszkiewicz 
|DJ91] constructed a T d -manifold Zp that is now called the moment angle manifold 
of P. Let J-(P) = {Fi, . . . , Fa} be the set of facets of P. For each facet F t let Tf 4 
denote the one- dimensional coordinate subgroup oiT^ p ' = T d corresponding to F{. 
We assign to every face F = F^ D • • • D Fi t the coordinate subtorus 

i 

3=1 

Then the moment angle manifold of P can be constructed as follows: 

Z P = T d x P n j ~, 

where {t\,p) ~ (t?, q) if and only if p — q and tit^ G Tpuy From the definition of 
Z P , we can see easily that Z PlX p 2 = Z Pl x Zp 2 for any simple polytopes Pi and P 2 . 

Example 2.2. It is not so hard to see that the moment angle manifold Z&n of an 
n-simplex is homeomorphic to a sphere S 2n+l , and, hence, Z/\n xA m = S 2n+1 x S 2m+1 . 

Let us fix a characteristic function A on P, and let M(\) be the quasitoric man- 
ifold as constructed in (12.21) . Note that there is a natural identification ipk~- ^ k — > 
Hom(S' 1 , T k ) given by (ai, . . . , a&) (->• (t *-¥ (t ai , . . . , t ak )) for any positive integer k. 
Hence the characteristic matrix A corresponding to A induces a surjective homo- 
morphism A: T d -> T n by A(^(ei)(t)) = ip n (X(Fi))(t) for t G S 1 , where e^ is the 
standard i-th basis vector of Z d for i = 1, . . . , d. Then ker(A) is a (d — n)- dimensional 
subtorus of T d . From the non-singularity condition (12. ip . ker(A) meets every isotropy 
subgroup at the unit. Thus ker(A) acts freely on Zp, and the map 

(A, id) :T d xP n ^T n xP n 

induces a principal T d_n -bundle Zp over M(A). We thus have the following propo- 
sition. 

Proposition 2.3. [BP02, Proposition 6.5] The subtorus ker(A) acts freely on Zp, 
thereby defining a principal T d ~ n -bundle Zp — > M(A). 

Let M(Ai) and M(X 2 ) be two quasitoric manifolds over a simple polytope P. If 
a self map ip of the moment angle manifold Zp is ^-equivariant, i.e. there exists an 
isomorphism 9: ker(Ai) — > ker(A2) such that (p(t ■ x) = 6{t) ■ <p(x) for all t G ker(Ai) 
and x G Zp, then there is a natural induced map Tp from M(Ai) to M(A2): 



Zp >■ Zi 



/ker(Al) 



/kcr(A 2 ) 



M(Ai)^r-M(A 



2, 



Thus if we construct a #-equivariant homeomorphism ip from the moment angle 
manifold Zp to itself, then the induced map Tp is a homeomorphism from M(\\) to 

M(A 2 ). 
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3. QUASITORIC MANIFOLDS WITH fa = 2 

The main interest of the present paper is focused on quasitoric manifolds with 
the second Betti number fa = 2. Let P be an ^-dimensional simple polytope with d 
facets, and let M be a quasitoric manifold over P with the characteristic function 
A. Since J\ consists of £ linear combinations of v i, . . . , V& and Ip does not contain a 
linear combination in (12.31) . we can see that the second Betti number of M is d — £. 
Thus if P supports a quasitoric manifold with fa — 2, then it has exactly £ + 2 
facets, and hence P is combinatorially equivalent to a product of two simplices as is 
well-known, see chapter 6 in [Gru03] . Therefore we may assume that P = A™ x A m . 

Now consider a quasitoric manifold M of dimension 2(n + m) over A n x A m . 
Consider the facets of A™ x A m in the following order: iq x A" 1 , . . ., F n x A m , 
A™ xGi,.. ., A" x G m , F n+1 x A m , A n x G m+1 , where Fj's are the facets of A n and 
Gj's are the facets of A m . Then the first (n + m) facets meet at a vertex. Thus, by 
Remark 12.11 the characteristic matrix A corresponding to M is of the form 

/ 1 -1 ~h \ 



(3-lJ 



A = (E n+m \Aj 







1 



-1 
-ai 



V 



■1 / 



up to equivalence, where 1 — ctjbi = ±1 for i — 1, . . . , n and j = 1, . . . , m because of 
the non-singularity condition (12.11) of the characteristic function. From now on we 
denote such M by M ab for a = (ai, . . . , a m ) and b = (b 1 , . . . , b n ). Hence, from (12.31) . 
the cohomology ring of M a b with Z coefficients is 



(3.2) 



H*(M a>h ) = Z[xi, x 2 ]/(x 1 Y[(xi + biX 2 ), x 2 Y[( a j x i + x 2))- 



A (complex) generalized Bott tower of height h, or an h-stage generalized Bott 
tower, is a sequence 

Tfc-l 



£/, 



n. 



Bh-i 



B\ — ►■ B = { a point} 



of manifolds Bi = P(C © ©/ =1 6,j), where ^jj is a complex line bundle, C is the 
trivial complex line bundle over -Bj_i for each i = 1, . . . , h, and P(-) stands for the 
projectivization. We call Bi the i-stage generalized Bott manifold. 

Note that the Whitney sum of £ complex line bundles admits a canonical T - 
action. Assume -Bj-i admits an effective T^>°=i ^-action. Since H 1 (Bj^i) = 0, it 
lifts to an action on £j, see [HY76J. Moreover, it commutes with the canonical Tr- 
action on £j, and hence, it induces an effective T^k=i £fe -action on By Thus, we can 
define an effective half-dimensional torus action on B^ inductively. One can show 
that this action is locally standard and its orbit space is a product of h simplices 
Yli=x A 1, . Thus a two-stage generalized Bott manifold is a quasitoric manifold over 
P = A £l x A i2 and has fa = 2. 
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Remark 3.1. In fact, a generalized Bott manifold is not only a quasitoric manifold 
but also a (projective) toric manifold. Note that all toric manifolds admit T n - 
invariant complex structures. Hence, by [CMS10a( Theorem 6.4], all toric manifolds 
over a product of simplices are generalized Bott manifolds. 

We already know a necessary and sufficient condition for a quasitoric manifold M 
to be equivalent to a generalized Bott manifold by the following proposition. 

Proposition 3.2. |CMS10a] Let M be a quasitoric manifold over P = J| i=1 A £ % 
and let A* be an h x h vector matrix associated with M\j Then M is equivalent to a 
generalized Bott manifold if and only if A* is conjugate to an h x h lower triangular 
vector matrix. 

Moreover, the following theorem gives a smooth classification of two-stage gener- 
alized Bott manifolds. 

Theorem 3.3. jCMSlObj Let B 2 = P(®f =ol Ui ) and B' 2 = P(©™ o7 <) ; where u = 
u' = and ^ Ui denotes the complex line bundle over B% = CP n whose first Chern 
class is Ui G H 2 (Bi). Then the following are equivalent. 

(1) There exists e = ±1 and w G H 2 (Bi) such that 



]J(1 + e{u\ + w)) = ]J(1 + Ui ) in H\B 1 



i=0 i=0 

(2) B 2 and B' 2 are diffeomorphic. 

(3) H*(B 2 ) and H*(B 2 ) are isomorphic as graded rings. 

When a quasitoric manifold M is equivalent to a two-stage generalized Bott man- 
ifold, we may assume that M = M aQ . In this case, M is a CP m -bundle over CP n , 
and H*(M at0 ) is of the form 

m 

(3.3) P*(M a , ) =Z[x 1 ,x 2 ]/(x 1 n+ \ x 2 Y[(a jXl + x 2 )). 

i=i 
If a quasitoric manifold M with j3 2 = 2 is not equivalent to a generalized Bott 
manifold, then we may assume that M = M 3) b for some nonzero vectors a and b 
by Proposition 13.21 Then ajbi = 2 for some i and j. Without loss of generality, we 
may assume that a,j is or ±2 and bi is or ±1. Note that the signs of nonzero a/s 
and frj's are the same and, by Remark |2.1[ M a> b is equivalent to M_ ai _t>D Hence, 
we may assume that the nonzero a,j is 2, and the nonzero bi is 1. Now let s be the 
number of aj = 2 for j = 1, . . . , m and r the number of bi = 1 for % = 1, . . . , n. 
Then, the cohomology ring of M a ^ is isomorphic to 

(3.4) Z[xi, x 2 ]/{x n 1 +1 - r (x 1 + x 2 ) r , x™ +1 - s (2 Xl + x 2 ) s ) 



In fact, A* is a Q3i=i ^») x ^ matrix. Then A* can be viewed as an h x h vector matrix whose 
entries in the i-th row are vectors in J/ 1 . A more precise description of (a transpose version of) 
A* is explained on page 114 in CM SlOa] , 

We can see easily by the following steps; 1) change the signs of the first n row vectors of the 
characteristic matrix (13.11) . 2) change the signs of the first n column vectors and the (n + m + 2)-nd 
of the resulting matrix. Then we can obtain the characteristic matrix corresponding to A/_ a ._b- 
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for some 1 < r < n and 1 < s < m. 

We close this section by giving another construction of quasitoric manifolds over 
A" x A m from the moment angle manifold 2a»xA" 1 ' 



Remark 3.4. Note that the moment angle manifold i?A™xA m is 



S 



2n+l 



x S 



2m+l 



{(w,z) GC n+1 xC 



-<m+l . 



W 



1. 



1}, 



which has the standard T n+m+2 -action of the componentwise complex multiplication. 
Let A be a characteristic function corresponding to M a b, and let K a ^ be the image 
of the homomorphism ft : T 2 ^- T n+m+2 defined by 

/ 1 &i\ 



(3.5) 



1 
1 

a i 



u n 


1 



dm J- 

\ o i ) 

Then the action of the two-torus i^ a ,b on S 2n+1 x S 2m+1 defined by 

/i(tl, t 2 ) ■ ((W!, ..., W n+ i), (Zi, ..., Z m+1 )) 
— ((^lV^l' • • • i tlt2™ w n, tlW n+ i), (t 1 1 t2Zi, . . . , t 1 m t2Z m , tiZm+X)) 

is free because of the non-singularity condition (12.1 \ of A. Moreover, this action is 
exactly equal to the ker(A)-action on Z^n xAm , where a homomorphism A is defined 
on page El and the quasitoric manifold M a ^ is the orbit space ^"xA^/^b with 
the action of T n+m defined by 

(tl, . . . , t n+rn ) ■ [(u>i, . . . , W n+ i), [Zl, . . . , Z m+ i)\ 
= [{tiWi, . . . , t n W n , W n +i), [t n+ iZi, . . . , t n+m Z m , Z m+ i)\. 

See [CMSlOa] for more details. 

In other words, the subtorus K a ^ C T n+m+2 is represented by the unimodu- 
lar subgroup of Z n+m+2 spanned by the two vectors (1, . . . , 1, oi, . . . , a m , 0) and 
(6i, . . . , b n , 0, 1, . . . , 1). Note that these two vectors generate the null space of the 
matrix 



/l 



(3.6) 



■1 



~bi \ 










-1 




-K 


Oi 


1 


-l 



V 



■1 / 



which is obtained from A in (13.11) by changing the ordering of facets of A™ x A r 
iq x A m , . . ., F n x A m , F n+1 x A m , A" x G u . . ., A" x G m , A n x G m+1 . 
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4. QUASITORIC MANIFOLDS EQUIVALENT TO A GENERALIZED BOTT MANIFOLD 

Recall that the cohomological rigidity problem asks whether two quasitoric mani- 
folds are homeomorphic if their cohomology rings are isomorphic. As an intermediate 
step toward the answer to the question for quasitoric manifolds homeomorphic to 
generalized Bott manifolds, we can ask the following question: is a quasitoric man- 
ifold over a product of simplices equivalent (or homeomorphic) to a generalized Bott 
manifold if its cohomology ring is isomorphic to that of a generalized Bott mani- 
fold? When the orbit space is A 1 x A 1 , then the answer is affirmative by [CS09J. 
Assume that a two-stage generalized Bott manifold is a CP m -bundle over CP n . In 
this section we answer to this question for m > 1 case. For the case of m = 1, we 
will show in the next section that if a quasitoric manifold M has the cohomology 
ring of the type (13. 3p . then M is homeomorphic (but not necessarily equivalent) to 
a generalized Bott manifold. 

Proposition 4.1. Let M be a quasitoric manifold over A n x A m withm > 1. If there 
is a generalized Bott tower B 2 — > CP n — > B such that the fiber of B 2 — > CP n has 
complex dimension m and H*(B 2 ) — H*(M), then M is equivalent to a generalized 
Bott manifold. 

Proof. From ( 13. 3 j) , the cohomology ring of B 2 can be given by 

H*(B 2 ) = Z[xi, x 2 ]/( Xl n+ \ x 2 J](«^i + x 2 )), 
and from f 13 . 2 1) . the cohomology ring of M can be given by 

n m 

H*{M) = Z[y 1 ,y 2 }/(y 1 l[{y 1 + d l y 2 ),y 2 l[{c j y 1 + y 2 )). 

i=l j=l 

For simplicity, let X C Z[a?i, x 2 ] be the ideal generated by the homogeneous polyno- 
mials xi n+1 and x 2 YlT=i( a j x i + ^2) and let J C Z[yi, y 2 ] be also the ideal generated 
by the homogeneous polynomials y x XSl=\{Vi + ^2) and y 2 YlJl^Cj y x + 1/2)- Then 
we have H*(B 2 ) = Z[xi,x 2 ]/X and H*(M) = Z[ Vl , y 2 }/J. 

From the hypothesis, there is a ring isomorphism : H*(B 2 ) — > H*(M) which 
preserves the grading. Then the map <fi lifts to a grading preserving isomorphism 
4> : Z[x 1 ,x 2 \ -)> Z[y 1 ,y 2 ] with (f)(1) = J. Note that if we let 0(xj) = g iX yi + g i2 y 2 , 

i = 1,2, then the determinant of G = f ^ n ^ 12 ) is ±1. 

V fl'ai #22 / 

We prove the proposition by showing that either c\ — • ■ ■ — c m — or d\ — ■ ■ ■ — 
d n = 0. Then, by Proposition I3.2[ M is equivalent to a generalized Bott manifolds. 
We consider three cases (1) n < m, (2) n = m, and (3) 1 < m < n separately. 

CASE 1: n < m 

Since 4>(T) = J and m > n, we have 

n 

(4.1) ^(x n 1 +1 ) = ay 1 l[(y 1 + d l y 2 ), 

t=i 
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where a is an integer. Then the set of prime divisors of x™ +1 is mapped by to the 
set of prime divisors of ay\ Y\^ =x {yi + diy 2 ). Since X\ is the only prime divisor of 
Xi +l , we must have a^O and di = for all i, which prove the proposition in this 
case. 

CASE 2: n = m 

Since 0(X) = J and n = m, we have 

n n 

(4.2) 0K +1 ) = m/i Y[(yi + d { y 2 ) + a'y 2 JJ(c, y x + y 2 ), 

i=i j=\ 

where a and a' are integers. 

(i) If a is zero, then from the similar argument to the case 1, we have a' ^ and 
Cj = for all j, which prove the proposition. 

(ii) If a' is zero, then the similar argument shows that a^O and di = for all i, 
which prove the proposition. 

(iii) Now assume that neither a nor a' is zero. Plugging 0(xi) = gnyi + gYiyi 
into (14. 2p . we have 

n n 

(4.3) (#n2/i + #i22/2) n+1 = cn/i \[(yi + rf i 2/2) + a'y 2 Y[(cj j/i + 2/2). 

i=i 3=1 

Then we can see that a = g^ and a' = g\ 2 x by comparing the coefficients of y™ +1 
and y 2 +1 on both sides of (14. 3p . Hence we have 

n n 

(4.4) (#112/1 + g l2 y 2 ) n+l = g^Vi \{{yi + di y 2 ) + < 2 +1 2/ 2 JJ( c i 2/i + 2/2) 

i=i j=i 

as polynomials. Plug 2/1 = 2/2 = 1 an d 2/1 = 1, 2/2 = —1 into (14.41) to get the following 
system of equations 

n n 

(#11 + si 2 )" +1 = gT II( 1 + ^) + 9n +l life + x ) 

(4.5) 

(^n " 9i2) n+1 = git 1 II( 1 - *) " 9 n it W^ - 1) 

i=i j=i 

Note that 1 — diCj = ±1 for all 1 < i,j < n from the non- singularity condition (12.11) . 
If we show that diCj = for all 1 < i,j < n, then we are done. Indeed, if Cj 7^ 
for some 1 < jo < n, then djCj = for all 1 < i < n implies that <ij = for all 
1 < i < n. Otherwise Cj = for all 1 < j < n, which proves the proposition. 

We now show that d^j = for all 1 < i,j < n. Suppose not, i.e., di Cj ^ 
for some 1 < i Q , j < n. Then from the non-singularity condition we have di Cj = 2. 
For simplicity we may assume that diCi = 2, d% = 1 and C\ = 2 or d\ = 2 and C\ = 1 
up to equivalence. But these two cases are symmetric because n = m. Thus it is 
enough to consider the case d\ = 1 and C\ = 2. 
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Since 1 — diCj = ±1 for all 1 < i,j < n, we have that di = 1 or for i = 2, . . . , n 
and Cj — 2 or for j — 2, . . . , n. Plug these into (14. 5 p to get 

(4.6) (g n + 9i2) n+1 = 2 r g u +1 + 3* g^ 1 and 

(4.7) (^ii-fe) n+1 = -^ 1 (-l) n+1 - s 

for some 1 < r, s < n. From (14. 7p . we have gn = or gn = 2g\ 2 . If #n = 0, 
then (I4.6p implies g™ 2 +1 = ^> s 9\ 2 l - Therefore g\2 = 0, which contradicts to det(G) ^ 
0. Otherwise, i.e. gn = 2gi 2 , then by plugging gn = 2g\ 2 into (14. 6p we have 

q«+l_n+l rjr+ra+l n+1 , ns n+1 

° #12 ~~ z #12 "i ° #12 • 

Therefore, g\ 2 is zero and so is gn, which also contradicts to det(C7) ^ 0. This 
is because we assumed that d io Cj Q = 2 for some 1 < i Q , j < n. This shows that 
d^j = for all 1 < i,j < n. 

CASE 3: 1 < m < n 

Since n > m, we have 

m m 

(4.8) (p(x 2 Y\_( a j x ± + x ^)) = ay 2 Y\_( c i Vi + 2/2) 

j=i j=i 

for some nonzero integer a. Plugging 0(x«) = #ji2/i + gi 2 y 2 into (14. 8p . we have 

m m 

(4.9) (5-212/1 + #222/2) JJ((ajPn + 92i)V\ + (a.j#i2 + #22)2/2) = "2/2 JJ(cj y 2 + y 2 ). 

i=i i=i 

Comparing the coefficients of y 2 +1 on both sides of (14. 9p . we can see that a = 
922 n51i( a jfl'i2 + #22) and we have 

in 
(#212/1 + #222/2) ]^[((%#11 + #2l)2/l + (Oj#12 + #22)2/2) 

(4.10) j=1 

V / mm 

= #22 JI(%012 + 922)y2 Y[(Cj 2/1 + 2/ 2 ). 

i=i i=i 

By comparing the coefficients of 2/™ +1 on both sides of (I4.10p . we have g 2 \ n^=i( a j#ii+ 
521) = 0. If 521 = 0, then det(G) = #n# 2 2 = ±1, and hence g n = ±1. If ajg u +g 21 = 
for some 1 < j < m, then det(G) = #n# 22 -#i2#2i = #11 (#22 + 0^12) = ±1- Hence 
511 = ±1, too. 

As in case 2, it is enough to show that d^j = for all 1 < i < n and 1 < j < m. 
Suppose otherwise, i.e. d io Cj = 2 as before. 

(i) Suppose Cj = 2. Then di = 1, and Cj = or 2 for all 1 < j < m and di = 
or 1 for all 1 < % < n. Let s be the number of c/s equal to 2. 

(i-1) First consider the case < s < m. In this case we may assume c\ = 2 and 
c m = for simplicity. Since 0(x™ +1 ) G J , we have 

n m 

(4.11) 0(x? +1 ) = ay x \[( yi + d { y 2 ) + f(y h y 2 )y 2 \[(c jyi + y 2 ), 

i=i i=i 
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where a is an integer and /(2/1, 2/2) is a homogeneous polynomial of degree n — m. 
Plugging 0(xi) = gfnyi + 5-122/2 into 04.111). we have 

(0112/1 + £l22/ 2 ) n+1 

= aj/i n^ 1 + ^^ + -f^ y ^ v2 n^ 1 + y ^- 

i=l j=l 

If a = 0, then g u = 0, so Cj = for all j = 1, . . . , m. This is a contradiction to the 
assumption c\ = 1. Hence a^O. Comparing the coefficients of y™ +1 on both sides 
of (14.121) . we can see that a = 27ii +1 and we have 

(0H3/1 + c/i2i/ 2 ) n+1 

1=1 i=l 

as polynomials in y\ and 2/2- Since c m = 0, comparing the coefficients of yfj/2 on 
both sides of (14.131) . we get the equation 

(4.14) (n + 1)^1012 = 2/n +1 K + --- + d n ). 

Since g»n = ±1 and di = or 1 with c^ + • • • + d n < n, the last equation gives a 
contradiction. So s < m cannot happen. 

(i-2) Now suppose s = m, i.e., c\ = ■ ■ ■ = c m = 2. In this case there is a ring 
isomorphism if) from the cohomology ring 

H*(M) = z[ yi , y2]/{y n l +l - r \yi + 2/ 2 ) r , 2/2(2^ + y 2 ) m ) 

to the ring Z[Y h Y 2 ]/(Y^ +1 - r (Y 1 +Y 2 y , 1^(211+^)) given by ^( yi ) = -F 1? ^(2/2) = 
2Yi + Y 2 . In other words, if s — m, then H*(M) is isomorphic to a ring 

n m 

%i, 2/2]/ (2/1 jj(^ + ^2); 2/2 U(cjj/i + 2/2)) 
t=i j=i 

with ci = 2, C2 = ■ ■ • = c m = 0, i.e., s = 1 case. But by the previous argument this 
induces a contradiction. 

(ii) Suppose Cj = 1. Then dj = 2. As before let r be the number of c/s equal 
to 1. 

(ii-1) First consider the case when < r < m. In this case we may assume 
that C\ — 1 and c m = 0. By the same argument as above, (I4.13P and ( I4.14p also 
hold. Since gu = ±1, we have (n + l)gi 2 — gn(di + ■ ■ ■ + d n ) = 2g u s, where s is 
the number of d^s equal to 2, and < s < n. This equality holds if and only if 
2/11 = 2/12, s = ^y^, and n is odd. By plugging 2/1 = 1 and 2/2 = — 1 into (J4.13J) . we 
have = 2/n -1 niLi(l ~ di) which is a contradiction. This shows that < r < m is 
impossible. 

(ii-2) Now suppose r — m, i.e., c\ — ■ ■ ■ — c m — 1. Then by the ring isomorphism 
given by ip(yi) = —Y\ and if){y 2 ) =Y\-\- Y 2 , H*(M) is isomorphic to the ring 

Z[Y U Y 2 ]/(Y 1 n+1 - s (Y 1 + 2Y 2 ) S , Y™{Y X + Y 2 )), 
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which is the case when r = 1. By the previous argument, this case also induces a 
contradiction. 

We thus have proved that d{Cj = for all 1 < % < n, 1 < j < m, which proves the 
proposition. 

□ 

5. QUASITORIC MANIFOLDS OVER A n X A 1 

In this section, we restrict our attention to the case where the orbit space is 

A n x A 1 . 

Example 5.1. |DJ91] Projective toric manifolds over A 1 x A 1 are Hirzebruch sur- 
faces S a = P(C©7 0a ) for a G Z, where 7 is the tautological line bundle over CP 1 . 
By |Hir51j . E a is diffeomorphic to £& if and only if a is congruent to b modulo 2. 
Hence a projective toric manifold over A 1 x A 1 is diffeomorphic to CP 1 x CP 1 or 
CP 2 #CP 2 . On the other hand, CP 2 #CP 2 is the unique quasitoric manifold over 
A 1 x A 1 which is not a projective toric manifold. Hence there are only three topo- 
logical types of quasitoric manifolds over A 1 x A 1 : CP 1 x CP 1 , CP 2 #CP 2 , and 
CP 2 #CP 2 . 

Let M be a quasitoric manifold over A" x A 1 . As in Section [3j we order the facets 
of A n x A 1 as follows: 

(5.1) F 1 x A 1 , . . . , F n x A 1 , A n x G x , F n+1 x A 1 , A" x G 2 , 

where Pj's are facets of A n and G, are facets of A 1 . Up to equivalence of quasitoric 
manifolds we may assume that the characteristic function A on the ordered facets 
gives the following (n + 1) x (n + 3) matrix 

/ 1 ••■ -1 -61 \ 

(5.2) A= :'■•:: : i 

••• 1 -1 -b n 
\ ••• 1 -a -1 ) 

namely, A(Pj x A 1 ) = e t for < i < n, A(A n x G x ) = e n+i , \{F n+1 x A 1 ) = 
(-1, . . . , -1, -a) T , and A(A" x G 2 ) = (-61, . . . , -b n , -1) T . We denote such M by 
M a b for b = (pi, ... , b n ) G Z ra . Moreover, by the non-singularity condition (12. ip . we 
have abi = or 2 for i — 1, . . . , n. 

We first consider the case abi — for all i — 1, . . . , n. Then a — or (b±, . . . , b n ) 
is a zero vector. Then M a ^ is equivalent to a generalized Bott manifold by Propo- 
sition E2J More precisely, M aj0 = P(C © 7® a ) -> CP n , and M 0;b = P(C © 
(©?=iT® 6i )) — ^ CP 1 . In this case, M a ^ is a projective toric manifold. Here, we 
classify all projective toric manifolds over A" x A 1 smoothly. 

Proposition 5.2. Let n be a positive integer greater than 1. 
(1) Let M a fi denote the two-stage generalized Bott manifold 

M aiQ = B 2 -^> Pi ^ B = {a point}, 
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where B\ = CP n , B 2 = P(C©7 <x,a ) ; and 7 is the tautological line bundle 
over CP n . Then M a p is diffeomorphic to M a i$ if and only if \a\ = \a'\. 
(2) Let Mo,b denote the two-stage generalized Bott manifold 

M 0j b = B 2 -^> B\ -^» B = {a point}, 

where B x = CP 1 , B 2 = P(C © (0™ =1 j® bi )) for b = (b x , ...,b n )e II 1 , and 7 
is the tautological line bundle over CP 1 . Then Mq^ is diffeomorphic to Mq^i 
if and only if there is e = ±1 such that e Yli=i h = Y^i=i ^ ( m °d n + 1). 

Proof. (1) Note that H*(M ai0 ) = Z[xi,x 2 ]/(x^ +1 ,x 2 (axi + x 2 )), and ir* 2 (H*(B x )) = 
Z[xi\/x'l +1 C H*{M a!0 ). By' Theorem E31 M afi and M o / j0 are diffeomorphic if and 
only if there exist e = ±1 and w G Z such that 

(1 + ewxi)(l + e(a + w)xi) = (1 + a'xi) 

in Z[xi]/x™ +1 . Hence, we have e(a + 2w) = a' and w(a + w)x\ = 0. Since n > 1, 
x\ 7^ in Z[xi]/a:" +1 . Therefore u>(a + w) = 0, hence w is either or —a. In any 
case, we obtain a' = ±a. 

(2) Note that H*(M 0)h ) = Z[x 1 ,x 2 ]/{x 1 ELliO^i + hx 2 ),xl) and 7r*{H*(B t )) 2* 
Z[x 2 ]/x 2 C if*(M 0i b)- By Theorem I3.3[ M ,b and M 0i b' are diffeomorphic if and 
only if there exist e = ±1 and )«6Z such that 

n n 

l[(l + e(b l + w)x 2 ) = JJ(l + 6;x 2 ) 

i=0 i=0 

in Z[x 2 ]/a;|, where b = b' = 0. Since X2 = we only have the condition e X4L1 ^ + 

Now, we consider the case abi = 2 for some i. In this case, M a ^ cannot be 
equivalent to a generalized Bott manifold. However, as we will see later, they can 
be homeomorphic to generalized Bott manifolds. Note that, by Remark I2.1[ we 
may assume that a and the nonzero fej's have the positive sign. If abi = 2 for some 
i — 1, . . . , n, then a must be either 1 or 2. 

Let s be the number of the nonzero Vs. Then, by (I3.2p . we have 

P*(M a , b ) = Z[x u x 2 ]/(x r l +1 - s (x 1 + bx 2 ) s ,x 2 (ax 1 +x 2 )), 

where ab = 2. 

Here, we classify all quasitoric manifold which are not equivalent to projective 
toric manifolds over A n x A 1 topologically. To do this, we prepare two lemmas. 



Lemma 5.3. For any b e Z n ; M^b is homeomorphic to either CP n+1 #CP n+1 or 
CP n+1 #CP n+1 . 

Proof. Let N be a quasitoric manifold over an (n + l)-dimensional polytope P with 
the characteristic function A. Let Pi, ... , P n +i be the facets of P meeting at a vertex 
q of P. Then from the non-singularity condition (12. ip we have 

det(A(Pi),...,A(P n+ i)) = ±l. 

Let vc(P) be the vertex cut of P about the vertex q of P, and let G be the new 
facet of vc(P) obtained from the vertex cut. Let Pi, ... , P n+ i still denote the facets 
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surrounding the facet G as in Figure [TJ If we extend the characteristic function A 
to the facets of vc(P), then the corresponding quasitoric manifold over vc(P) is a 
connected sum of N with CP n+1 or CP n+1 . 




vc(P) 



Figure 1 . The vertex cut of a polytope P 



Recall the ordering ( 15. ip of the facets of A n x A 1 . Since A n x A 1 can be viewed 
as a vertex cut of A n+1 , the condition 

det(A(Px x A 1 ), ... , A(P n x A 1 ), A(P n+1 x A 1 )) = -a = -1 

implies that the characteristic function A can be considered as the one extended 
from a characteristic function on A n . Therefore Mi } \, is homeomorphic to either 

C pn+l^ C p n +l Qr C pn+l^ C pn+l_ D 

As we have seen in Remark 13.41 the moment angle manifold Z A u xA i is 



S 



2n+l 



x5 d = {(w,z) eC n+1 xC 



w 



1} 



and the subtorus ker(A) C T n+3 is represented by the unimodular subgroup of Z n+3 
spanned by (1, . . . , 1, a, 0) and (6 1; . . . , b n , 0, 1, 1). In this section, we denote the 
subtorus ker(A) by K a ^. 

Assume that we have two quasitoric manifolds M a ^ and M a i^i. If there is a 0- 
equivariant homeomorphism ip from Z^xA 1 with the action of the subgroup K a ^ C 
rpn+3 ^ Q z A n xA i with the action of the subgroup -K^b' C T n+3 , where 6 is an 
isomorphism from K a ^ to K a i b' , then ip induces a homeomorphism 

P '■ M a:h = Z A n xA i/K aih — > M a / )b / = Z A n xA i/K a /fr. 

Lemma 5.4. Let n > 1, b = (b, . . . , b, 0, . . . , 0) G Z n ; and ab = 2. T/ien we have 

(1) M a) (f, )0: ...,o) ^s homeomorphic to M^^...^), and 

(2) M a> b zs either homeomorphic to M a ^ if s is even, or M^o,.. .,o) «/ s zs odd, 
where s is the number ofb's in b. 

In particular, if n is even, then M a ^ is homeomorphic to M a fi. 
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Proof. (1) Let b = (6, 0, . . . , 0) and b' = (b,...,b). Then, by (J33J), there are 
isomorphisms /i: T 2 -> K aib C T™ +3 and //: T 2 -> K a , b / C T n+3 defined by 



/l 6\ 




f 1 6\ 


1 






1 


and 


1 6 
1 


a 1 




a 1 


\0 1/ 




Voi/ 



respectively We set (w, z) = (ty 1? . . . , w n+1 ,Zi,z 2 ) G 5" 2n+1 xS 3 C C™ +1 x C 2 . 
We define an isomorphism 9: K a ^ — > K a ^ by /j,(ti,t 2 ) H- ^'(tit^t^ 1 ) and a map 

^:5 2n+1 x5 3 ^5 2n+1 x5 3 by 

^l,...,W n+ i, 2i,22) = (w n+ i,W 2 , . . . fW^Wt, z t ,zt). 

Let us check that tp is #-equivariant; 
(p(/j,(t u t 2 ) ■ (w,z)) 

= (^(ti^Wl, <lW2, • • • , kW n+ i, t\t 2 Z U t 2 Z 2 ) 

= (tiWn+1, hW 2 , ..., tiW n , tit 2 Wx, t\t 2 Z\, t^zt) 

= (hHq 1 ) V+l, • • • Mt b 2 {t 2 l ) b WnMt h 2 WU {txt b 2 ) a t^Z X ^ l zt) 

= /i'(M2,t 2 ~ 1 )^(w,z) 

= 6(n{ti,t 2 )) -ip(w,z) 

because ab = 2. Hence ip is a #-equivariant homeomorphism which induces a home- 
omorphism Tp : M Qjb — >■ M 0:b ' • 

(2) By Lemma E31 M 1)b is homeomorphic to CP n+1 #CP n + 1 or CP" +1 #CP n+1 . 
Note that M 10 = CP n+1 #CP n+1 . If n is even, CP™ +1 has an orientation-reversing 
self-homeomorphism. Thus CP n+l #CP n+1 is homeomorphic to CP n+1 #CP n+l . So 
each M lb is homeomorphic to M 10 - If w is odd, then we have 



H*(M 



l,b 



P"*(CP n+1 #CP™ +1 ) if s is even, 
PT*(CP n+1 #CP n+1 ) if s is odd. 



We note that H*{M\p) and •fl"*(Mi j (2 ) o,...,o)) are not isomorphic as graded rings. 
(We refer the reader to see the proof of Theorem 15.51 below.) Therefore, Mi ;b 
is either homeomorphic to M\$ = CP n+1 #CP n+1 if s is even, or Mi ! (2,o,...,o) — 
CP n+1 #CP n+1 if s is odd. 

Now, consider the case a = 2. Let b = (1, . . . , 1, 0, . . . , 0), b' = 0, and b" = 

s 

(1,0, ...,0). Then, by ( 13. 5p . there are isomorphisms \x : T 2 ^t K 2h C T n+3 , ^ ; 
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/I 1\ 

Z 1 1\ 
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1 1 

1 

1 

2 1 
\0 1/ 



/l 0\ 

1 

2 1 

\oi/ 



, and 



1 

1 

2 1 
\0 1/ 



respectively. 

If s is even, we define an isomorphism 9: K 2 y> — > K 2 ^i by /J,(ti,t 2 ) i— >■ //(t^ 1 ,^ 1 ) 
and a map y?: S 2n+1 xS 3 4 S 2n+1 x S 3 by 

(w, z) i->(^rw;i + ^TZ^, -22W1 + ^Tw 2 , 

. . . , -z 2 ^ri + ^rw s , ti^TT, . . . , w^l, zj, ^2"). 

This map is well-defined because (ziWk-i + z 2 Wk, —z 2 Wk-i + ziWk) comes from the 
multiplication of quaternion numbers Z\ + z 2 ] and Wk-i + Wkj for even k with 2 < 
k < s. Then this map y2 is #-equivariant because 

<p(n(ti,t 2 ) ■ (w,z)) 

= V?(tit 2 Wl, • • • , tit 2 W s , hW s+1 , ..., hWn+i, t\t 2 Zi,t 2 Z 2 ) 

= (ti 1 (T[w 1 + z 2 wi),t^ l (-z 2 wi+z\w 2 ), 

• • • , t^{-z 2 w~[ + z\w s ),t1 l w^{, ..., t^W^l, t^H^zJ, t^zi) 

= 9(fi(ti,t 2 )) -<p(w,z). 

Hence <p induces a homeomorphism Tp: M 2 ^ — > M 2) b' 

If s is odd, we define an isomorphism 9: K 2 ^ — > K 2 b/r by n(ti,t 2 ) 1— > //"(t^ 1 , t^ 1 ) 
and a map </?: S 2n+1 x S 3 ->■ S 2n+1 x 5 s by 

(w, z) ^(uJ7, ^u> 2 + ^2^3, -^2^2 + ^Tw 3 , 

. . . , -z 2 Hh~i + ziw s , uvh, . . . , «ul, zl, 22"). 

Then this map (p is also #-equivariant because 

<p(n(t 1: t 2 ) ■ (w,z)) 

= if(t 1 t 2 W 1 , ..., tit 2 W„ hWg+x, . . . , tlWn+l, t\t 2 Z u t 2 Z 2 ) 
= (t^H^Uh, t^ 1 {z{W 2 + ^2^3), *r 1 ( — -^2^2 + 21W3), 

= ^"(tf 1 ,^ 1 ) -¥»(w,z) 
= 9(^(t 1 ,t 2 )) • v?(w,z). 
Hence </? induces a homeomorphism y?: M 2i b - >■ -^2,t>"- D 
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Now, we are ready to prove the following topological classification of quasitoric 
manifolds over A™ x A 1 which are not projective toric manifolds. 

Theorem 5.5. Let n > 1, b = (6, . . . , b, 0, . . . , 0) G Z n , and ab = 2. Then the 
homeomorphism classes of quasitoric manifolds M a ^ are represented by the follow- 
ing. 

(1) Mx t o and M 2t o, ifn is even, or 

(2) M 1)0 , M 2 , , Mi j ( 2 ,o,...,o) and M 2 ,(i,o,...,o), ifn is odd. 
Furthermore, the cohomology ring of each class is distinct. 

Proof. By Lemma 15.44 each quasitoric manifold over A n x A 1 is homeomorphic to 
one of them. Hence, it is enough to show the last statement. 

We note that, by Proposition 15. 2} the cohomology rings of M 10 and M 20 are 
distinct. Thus, it suffices to show that if n is odd and a'b' = 2, then H*(M a $) ^ 
ff*(M fl / l( y, 0l ...,o)) and H*{M hm ...,o)) ¥ H*{M 2 , m ...,o))- 

We denote M = M li(2 , ,...,o) and N = M 2> (i A ...,o)- Then 

H*(M) = Z[x 1 ,x 2 }/{x r {(x 1 + 2x 2 ), x 2 (xi + x 2 )) 
H*(N) = Z[y u y 2 ]/(v?(vi + y 2 ) 7 y 2 {2 Vl + y 2 )}. 

We first claim that H*(M aj0 ) is neither isomorphic to H*(M) nor H*(N) if n is 
odd and greater than 1. Since x\x 2 = —x 2 and x™ +1 = — 2x 2 x™ in H*(M), for any 
linear element cx\ + dx 2 G H*(M), we have 

n+l 

\n+l- 



[cx\ + dx 2 ) n+1 = Y^ ( . ) {cxi)\dx 2 

r +i + J2(-iy ( n + ^ ed^-'xi 

n , 

2c n+l x 2 l+l + J2 ( 



-eO i d n+1_i a# +l 
z 

i=0 x 

= (c n+l + (-c + rf) n+l )x" +l 

in H*(M). Since £ 2 +l does not vanish in H*(M), (cx\ + dx 2 ) n+l cannot be zero in 
H*(M) for odd n > l. Similarly, we can see that 

/ . vn+l fc n+l + (c-2d) n+l \ n+l 



cannot be zero in H*(N) for odd n > l. Since there is a linear element in H*(M atQ ) 
whose (n+ l)-st power vanishes, neither can H*(M a fi) be isomorphic to H*(M) nor 
F*(iV) for odd n > l. 

We finally claim that H*(M) is not isomorphic to H*(N). Suppose that there is 
a grading preserving isomorphism 



.: #*(M) = Z[x!,x 2 ]/X M -> #*(iV) = Z^yJ/Zj 



AT 
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which lifts to a grading preserving isomorphism : r L[xi,x 2 \ ~~ > ^[?/i? 2/2] with 
4>{Xm) = In- Since 4>(Zm) = 2jv and n > 1, we have 

(5.3) 4>(x 2 (xi + x 2 )) = ay 2 (2y x + y 2 ), 

where a is a nonzero integer. The prime divisors of the left hand side of (I5.3P gener- 
ate Z[a?i, x 2 ] as a Z-algebra, whereas the prime divisors of the right hand side of (J5.3P 
do not generate Zj[yi,y 2 }. Therefore, H*(M) and H*(N) cannot be isomorphic. □ 

Corollary 5.6. Two quasitoric manifolds over A n x A 1 are homeomorphic if their 
cohomology rings are isomorphic as graded rings. In particular, 

(1) if n is even, then M is homeomorphic to a generalized Bott manifold M a> o 
or M 0jb; and 

(2) if n is odd, then M is homeomorphic to a generalized Bott manifold or 
M U2 , 0) ... fi ) = CP* +1 #CP"+ 1 or M 2)(1 , ,...,o). 

Proof. Let M and N be quasitoric manifolds over A n x A 1 . Assume that H*(M) = 
H*(N). When n = 1, M is homeomorphic to iV by Example 15. II 

Now consider the case when n > 1. If M is equivalent to a generalized Bott 
manifold Mo,b, then iV is also equivalent to a generalized Bott manifold by Propo- 
sition I4.1[ so M and iV are homeomorphic by Theorem 13.31 

If M is equivalent to a generalized Bott manifold M a> o, then iV := M a i^i must 
be homeomorphic to a generalized Bott manifold M a t$ because i7*(M a o) cannot be 
isomorphic to H* (M a t m ,o,...,o)) as i n the proof of Theorem 15.51 Therefore M and iV 
are homeomorphic by Theorem 13.31 

If neither M nor iV is equivalent to a generalized Bott manifold, then the assertion 
is true by Theorem 15.51 

Hence, for any case, M is homeomorphic to N. The latter statement of the 
corollary immediately follows Theorem 15.51 □ 



The above corollary proves a part of Theorem 11.11 

Example 5.7. There are quasitoric manifolds homeomorphic but not equivalent to 
generalized Bott manifolds. For example, M 2) (i ! i ) o,...,o) is homeomorphic to a gener- 
alized Bott manifold M 2i (o,...,o)- But M 2i (i i i j o,...,o) is not equivalent to a generalized 
Bott manifold by Proposition 13.21 

6. Quasitoric manifolds over A n x A m with n, m > 1 

As is defined in Section [31 let M a t, be a quasitoric manifold over A n x A m with 
n, m > 1 whose characteristic matrix is of the form (13. 6p . Define two vectors s and 
r by 

(6.1) s := (2, . . . , 2, 0, . . . , 0) G Z m and r := (1, . . . , 1, 0, . . . , 0) E Z n , 

s r 

where 1 < s < m and 1 < r < n. If a quasitoric manifold M with (3 2 = 2 is not 
equivalent to a generalized Bott manifold, then M is equivalent to M sr for some s 
and r. 



20 S.CHOI, S.PARK, AND D.Y.SUH 



In this section we prove Theorem 11.11 and Theorem 11.21 when n, m > 1. In doing so, 
we follow the same strategy as the one used in Section El Assume that we have two 
quasitoric manifolds M a b and M a /^>. If there is a #-equivariant homeomorphism 
tp from i?A™xA m with the subtorus K a i, C T n+m+2 action to Z/\n x ^ m with the 
subtorus i^ a ',b' C T n+m+2 action, where 9 is an isomorphism from K a ^ to -Ka'.b', 
then if induces a homeomorphism 

Lemma 6.1. Two quasitoric manifolds M S>T and M s > ir > are homeomorphic if the two 
pairs (s, r) and (s', r') satisfy 

s — s' or s + s' = m + 1, and 
r = r' or r + r' = n + 1, 

where s, s' G Z m and r, r' G Z n are vectors as in (16. ip . 

Proof. As we have seen in Remark I3.4[ the moment angle manifold i?A n x a™ is 

5 2n+l x £ 2m +l = {( w?z ) e C n+1 X C m+1 : |w| = 1, | Z | = 1}, 

and the subtorus K sr in T n+m+2 is represented by the unimodular subgroup of 

Z n+m+2 spannec i by 

u s : = Q^J,, 2 1 _^2, 0, . . . , 0) and v r . := (^^1, 0, . . . , 0, L__^l). 

n+l s r m+1 

That is, there is an isomorphism /x : T 2 — )■ i^ sr defined by the matrix ( uj vj J . 
First consider the case when s = s', r < |_^2~H > an d r' = n + 1 — r. Then we have 
an isomorphism // : T 2 — >■ i^ s ' jr / defined by the matrix ( uj v^ +1 _ r J. 

We set (w, z) = (wi, . . . , w n +i, zi, . . . , z m+ i) G S 2n+1 x S m+1 C C n+1 x C m+1 . Now 
we define an isomorphism 6: K sr — > K s iy by fJ,(ti,t2) !->■ ^ {tit 2 ,t 2 ) and a map 

y? : S 2n+1 x S 2m+1 ->■ S 2n+1 x S 2m+1 by 

= (uv+i, . . . , if n+ i, Wi, . . . , w r , zi, . . . , z s , z s+ i, . . . , z m+ i). 
Let us check that <p is #-equivariant; 
<p(ji(fi,h) ■ (w,z)) 

= <p(tit 2 Wi, . . . , *it 2 Wr, il^r+1, • • • , ilWn+1, 

t^Zi, ■ ■ ■ , t^Zs, t2Z 8 +\, ■ ■ ■ , t 2 Z m+ \) 

= (txW r+ i, ..., t 1 W n+ i,tit 2 Wi, ..., M 2 W r , 

t\t 2 Z\, . . . , t]tiZ s , t 2 Z s +i, . . . ,t 2 Z m +\) 

= /i'(£i£ 2 ,£ 2 ~ 1 ) ■ (p(w,z) 

= 9{ix{t l: t 2 )) -y(w,z) 

Hence y? induces a homeomorphism yj from M SjI . to M s / ir /. 

We now consider the case when s < L^^^J , s' = m + 1 — s, and r = r'. Then we 
have an isomorphism //' : T 2 — >■ i^ s ',r' defined by the matrix ( u^ +1 _ 2 v^ ) . 
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We define an isomorphism 8: K sr — > K s > y by /i(ti,t 2 ) ^ ^"(^i" > *i^) and a map 
</?(u>i,. . . ,u> n+ i,2i,. . . ,z m+1 ) 

= [Wi, . . . , w r , w r+ i, . . . , u> n +i, 2 g +i, . . . , z m+ i, z%, . . . , z s J. 
Then, 

if(n(tx,t 2 ) ■ (w,z)) 
= (*it 2 wi, • • • , ht 2 w r , tx l W^l, . . . , t^ 1; u^T, 

^2^s+l) • • • ; t 2 Z m +l, t l t 2 Z\, • • • , t 1 t 2 Z s ) 

= A«"(*r 1 >*i*2) -y(w,z) 

= 0(/z(£i,£ 2 )) ^(w,z). 

Thus <£ is a #-equivariant homeomorphism which induces a homeomorphism <^ from 
M s>r to M sV . 

Finally, we note that the case when r = n + 1 — r' and s = m + 1 — s' immediately 
follows from the composition of the above two cases. □ 

Theorem 6.2. Let M SjI . and M s iy be quasitoric manifolds as defined above. Then 
the following are equivalent. 

(1) s — s' or s + s' — m + 1, and r — r' or r + r' — n + 1. 

(2) H*(M S)r ) and H*(M s iy) are isomorphic. 

(3) M S>T and M s iy are homeomorphic. 

Proof. By Lemma 16. 1\ it suffices to prove the implication (2) =>■ (1). Let X C 
1i[xi,x 2 ] be the ideal generated by the homogeneous polynomials x" +1 ~ r (xi + x 2 ) r 
and x 2 n+1 ~ s (2xi+X2) s , and let J C Z[yi,y 2 ] be also the ideal generated by yi +1 ~ r (yi+ 
y 2 ) r ' and y 2 n+1 ~ s '(2y 1 + y 2 ) s ' . Then we have 

H*{M^ r ) = Z[ Xl ,x 2 }/X and H\M s ,y) = Z[ yi ,y 2 ]/J. 

Then the cohomology ring isomorphism : H*(M sr ) — > H*(M s /y) lifts to a grading 
preserving isomorphism : Z[xi,x 2 ] — > Z[yi,y 2 ] with 0(X) = J. We divide the 
proof into three cases: (1) n > m, (2) n < m, and (3) n = m. 

CASE 1: n > m 

Since 4 > (x 2 n+l ~ s (2xi + x 2 ) s ) E J and n > m, we have 

(6.2) 0(a; 2 " +1 - s (2x 1 + x 2 ) s ) = ay™ +1 ~ s ' (2 Vl + y 2 ) s ' 

for some nonzero integer a. Comparing the multiplicities of the prime divisors of 
both sides of (16. 2p . we can easily see that s = s' or s = m + 1 — s'. Thus 0(x 2 ) is 
either ±y 2 or ±(2yi + y 2 ). Then we obtain the following four cases: when s = s', 

<P(xi) = =F(l/i + 2/2) and 0(x 2 ) = ±j/ 2 , 0) 
0(xi) = ±yi and <j){x 2 ) = ±y 2 , (") 

and when s + s' = m + 1, 

<K^i) = =F(2/i + 2/2) and 0(x 2 ) = ±(2j/i + j/ 2 ), (*") 
0(xi) = =Fyi and 0(a? 2 ) = ±(2yi + 3/2)- (iv) 
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One can check that the cases (i) and (iii) imply that r + r' = n + 1 and the cases 
(ii) and (iv) imply that r = r', which proves the implication (2) =^ (1) in this case. 

CASE 2: n < m 

This case is quite analogous to the case 1. So we can skip the proof. 

CASE 3: n = m 

Since 0(X) = J , we have 

0K +1 " r (*i + x 2 Y) = ayr^'iVx + 2/ 2 ) r ' + a'y n 2 +l ~ s ' {2 Vl + y 2 ) s \ 

<Kx" +1 - s (2*i + x 2 ) s ) = M +1 ~ r '{yi + V2Y + /3 , y 2 n+1 " s '(2 2/1 + y 2 ) s \ 

where a, a', (3, and /3' are integers. Note that either a or a' is nonzero, and either 
j3 or f3' is nonzero. We first show that a' and /3 are zero and then prove the theorem 
in this case. 

Plugging (p(xi) = g iX y x + g i2 y 2 , i = 1, 2, into (JE3D, we have 

(#n2/i + #i22/2) n+1 ~' '((911 + ^21)2/1 + (#12 + 922)V2) r 
= ay? +1 - r '( yi + y 2 ) r ' + a'y n 2 +1 - s ' (2 Vl + y 2 ) s ' 



(6.4) 

and 
(6.5) 



(#212/1 + 5 , 22Z/2) n+1 s ((2#n + g 2 i)yi + (2g 12 + g 22 )y 2 Y 

= Py n i +1 - r \yi + V2Y' + P'y% +1 - S '(2 yi + y 2 y', 



where the determinant of G = ( ) is ±1. 

V 921 922 J 

Suppose that none of a, a', (3, and (3' are zero. Then by comparing the coefficients 
of y™ +1 and y 2 +1 on both sides of f)6.4p . we have a = #n +1_r (#n + #2i) r and a' = 
9i 2 +1 ~ r (9i2 + #22)' '■ By comparing the coefficients of ?/™ +1 and y 2 +1 on both sides 
of (J63D, we have (3 = g^+ 1 - s (2g 11 + g 21 ) s and (3' = g^ 2 +1 ~ s (2g 12 + g 22 ) s . Hence we 
have the following system of polynomial equations 

(#ii2/i + #i22/2) n+1 ~ r ((#n + #21)2/1 + (#12 + #22)2/2)'' 

(6.6) = #ri +1 ~ r (#n + </ 21 )X +1 " r '(2/i + 2/ 2 ) r ' 

+ #r 2 +1 " r (#i2 + #22) r 2/ 2 n+1 - s '(22/i + y 2 ) s ' 
and 

(#212/1 + #222/ 2 ) n+1 ~ s ((2#ii + #21)2/1 + (2^12 + #22)2/2)" 

(6.7) = # 2 Y 1 - S (2#n + #2i) s 2/r 1 - r '(2/i + 2/ 2 ) r ' 

+ ^ 2 +1 - s (2# 12 + # 22 ) s 2/ 2 +1 - s '(22/ 1 + y 2 ) s '. 

We first show that a' = 0. Plug 2/1 = 1 and y 2 = — 1 into the equation (16. 6p to 
get the equation 

(#11 - #i 2 ) n+1 ~ r ((#n + #21) - (#12 + # 22 )) r 

= #r 2 +1 ^(#i2+#22) r (-ir +w . 
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Since we assume that a' is not zero, g\ 2 {g\ 2 + g 22 ) 7^ 0. Then, by fl6.8|) . we have 



#12 / V012+022 

Thus — = 2 or 0, and gn + 921 = 2 or 0. In these cases, both oii and qoi are even, 

312 512+922 i ' ±i azi 

which contradicts to det(G) = ±1. Hence, a' is zero. 

We next show that (3 = 0. Plug y% = 1 and 3/2 = — 2 into the equation (16. 7p to 
get the equation 

, s (921 ~ 2g 22 r +1 - s ((2 gil + g 21 ) - 2(2^ + 2/22))* 

(6-9) 

= ^ 1 +1 ^ s (2( 7ll +^i) s (-l) r . 

Since we assume that (3 is not zero, g-rS^gn + g 2 i) 7^ 0. Then, by (16. 9p . we have 

921 J V 2 9n + 92i J 

Thus ^ = or 1, and 29l2+922 = or 1. In these cases, detG ^ ±1 which is a 

921 ' 2911+921 ' ' 

contradiction. Hence, /3 is zero. 

Now we will show that s = s' or s + s' = m + 1, and r = r' or r H- r' = n + 1. 
Since both a' and /3 are zero, we have 

4>{x n l +l - r {x 1 + x 2 ) r ) = ay^ 1 - r \y 1 + 2/2) r ' 

and 

^{x n 2 +l - s {2 Xl + x 2 ) s ) = P'y n 2 +1 ~ s \2 yi + y 2 ) s '. 

Hence, by using the same argument as in case 1, we can show that s = s' or 
s + s' = m + 1, and r = r' or r + r' = n + 1. 

D 

Lemma 6.3. If n ^ m, then two quasitoric manifolds M SjI . and M r / jS / are not 
homeomorphic for any chosen vectors s, r' G Z m and r, s' G Z n as in (16. ip . T/iat 

?',s, 

s := (2, . . . , 2, 0, . . . , 0), r' := (1, . . . , 1, 0, . . . , 0) G Z m , and 

r :=(!,.*., 1,0,. ..,0), s':=(2,.".,2,0,...,0)gZ™. 



Proof. It is enough to show the case when n < m. Let X C "E[xi,x 2 ] be the ideal 
generated by the homogeneous polynomials x" +1_r (xi +x 2 ) r and x 2 n+l ~ s {2xi + x 2 ) s , 
and let J C Z [2/1,2/2] be also the ideal generated by the homogeneous polynomials 
vT X ~ s \vi + 22/2) s ' and y 2 n+1 - r \y l + 2/ 2 ) r '. Then we have 

H*{M S , T ) = Z[xi, x 2 ]/(x? +1 - r (xi + s 2 ) r , x^ +1 - s (2x! + a; 2 ) s ), 

and 

F*(M r ,, s ,) = z[2/ 1 ,2/ 2 ]/(y? +1 - s '(yi + 22/ 2 ) s ',2/2 n+1 " r '(z/i + y2) r '). 
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Suppose that M SjT and M t i >s i are homeomorphic for some s, r' e Z m and r, s' e Z n . 
Then the ring isomorphism : H*(M Syr ) — >■ H*(M r > iS i) lifts to a grading preserving 
isomorphism : Z[xi,X2] — > %[yi,y] with 0(X) = J7". Then we have 

^(x^^i + a*)*-) = «y? +w ( Wl + 2y 2 ) s ' 

for some nonzero integer a. But this is a contradiction because the prime divisors 
of the left hand side generate Z[xi, X2] as a Z- algebra, whereas the prime divisors of 
the right hand side do not generate Z[?/i, y 2 ]. 

Therefore, there is no isomorphism between H*(M S)r ) and H*(M r >^), so M s>r and 
M r / jS / are not homeomorphic. □ 

Theorem 6.4. Two quasitoric manifolds over A n x A m with n, m > 1 are homeo- 
morphic if and only if their cohomology rings are isomorphic as graded rings. 

Proof. Let M and N be quasitoric manifolds over A n x A m . Assume that H*(M) = 
H*(N). 

If M is equivalent to a generalized Bott manifold, then N is also equivalent to a 
generalized Bott manifold by Proposition 14.14 so M and N are homeomorphic by 
Theorem 13.31 

If M is equivalent to M S)I ., then N is equivalent to M s / >r / or M T / tB > by Proposi- 
tion [47TJ But by Lemma l6.3[ N must be equivalent to M s i >t i. Thus M and N are 
homeomorphic by Theorem 16.21 

Hence, for any case, M is homeomorphic to N. □ 

Corollary 6.5. Lei N(n,m) be the number of quasitoric manifolds over A n x A m 
which are not homeomorphic to generalized Bott manifolds. 

(1) When n = m, N(n, n) = [^\ x [^J . 

(2) When n ^ m and n,m > 1, N(n, m) = 2 [^J x [^J • 

(3) N(n, 1) = for even n and N(n, 1) = 2 for odd n > 3. 

Proof. It immediately follows from Corollary I5.6[ Theorem I6.2[ and Lemma 16.31 □ 

7. Proof of Theorem 11.21 

A simple polytope P is said to be cohomologically rigid if there exists a quasitoric 
manifold M over P, and whenever there exists a quasitoric manifold N over another 
polytope Q with a graded ring isomorphism H*(M) = H*(N) there is a combina- 
torial equivalence P m Q. By |CPS08j . a product of simplices is cohomologically 
rigid. 

Let M and M' be quasitoric manifolds with /^ = 2. Then they are supported by 
the polytopes combinatorially equivalent to products of two simplices, say A n x A m 
and A n x A m , respectively. Since products of simplices are cohomologically rigid, if 
H*(M) = H*(M'), then {n, m} = {n', m'}. In other words, two quasitoric manifolds 
over distinct products of simplices can not have the same cohomology rings. 

By Corollary 15.61 and Theorem I6.4[ all quasitoric manifolds over a certain prod- 
uct of two simplices are classified by their cohomology rings. Hence, all quasitoric 
manifolds with {3 2 = 2 are classified by their cohomology rings as graded rings. 
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8. Classification of quasitoric manifolds with f3 2 = 2 

Let u = (ui, . . . , Uk), u' = (u[, . . . , u' k ) G Z fc and let £ be a positive integer. We 
define u is equivalent to u' with respect to £, denote it by u ~^ u', if there is e = ±f 
and io6Z such that 

k k 

]T(1 + Mjx) = (f + etro) JJ(1 + e(w- + w)x) in Z[x]/x £+1 . 

i=l i=l 

Then from Theorem 13. 3 [ Example 15. 1[ Corollary l5.6[ Theorem 16. 2\ and Theorem 16. 41 
we have the following topological classification. 

Theorem 8.1. (1) The homeomorphism classes of quasitoric manifold over A n x 
A m with n j^ m (n,m > 1) are represented by the following: 

• Mo } o = CP n x CP m , a trivial generalized Bott manifold. 

• Af a ,o for a e (Z m — 0)/ ~ n , non-trivial generalized Bott manifolds. 

• M 0) b /or b G (Z n — 0)/ ~ m; non-trivial generalized Bott manifolds. 

• M s ' r /or s := (2, . . . , 2, 0, . . . , 0) G Z m and r := (1, . . . , 1, 0, . . . , 0) G Z n ; 

• M S)r for 8 := (1, . . . , 1, 0, . . . , 0) G Z m and r := (2, . . . , 2, 0, . . . , 0) e Z n ; 
where the number of nonzero components in s, respectively r, is positive and 
less than or equal to \ m Y^-\ , respectively \]^-\ ■ 

(2) The homeomorphism classes of quasitoric manifold over A™ x A" (n > 1) 
are represented by the following: 

• Mqo = CP n x CP n . 

• M a ; o /oraG(Z"-0)/~ n . 

• M Sir for s := (2, . . . , 2, 0, . . . , 0) G Z n and r := (1, . . . , 1, 0, . . . , 0) G II 1 , 
where the number of nonzero components in s and r are positive and less 
than or equal to \_ li ^-\ ■ 

(3) The homeomorphism classes of quasitoric manifolds over A 1 x A n (n > 1 is 
odd) are represented by the following: 

• M ,o = CP 1 x CP n . 

• Ma, foraeN. 

• M 0) b for h G (Z n — 0)/ ~i (see Proposition \5.S\) . 

• CP n+1 #CP n+1 . 

• ^2,(l,0,...,0)- 

(4) The homeomorphism classes of quasitoric manifolds over A 1 xA" (n is even) 
are represented by the following: 

• M 0i0 = CP 1 x CP n . 

• Ma, foraeN. 

• M>,b for b G (Z n - 0)/ ~i (see Proposition {5^) '. 

(5) T/ie homeomorphism classes of quasitoric manifolds over A 1 x A 1 are rep- 
resented 6y t/ie following: 

• M ,o = CP 1 x CP 1 . 

• M 0)1 = CP 2 #CP2. 

• M 2 'i =CP 2 #CP 2 . 
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